Logarithmic equations
1) Solve the equations:
a) log,(2x+3)=2
b) log,(3x+4)=3
C) logm = 1

2

Solution:
a) log;(2x +3) =2 — Use definition: log, B=® < B= A4

So:
A2
2x+3=3 2x+3>0
2x+3=9 condition: 2x > -3
2x=6
x=3 xX>—=

3 : .
Because 3> 5 solution x =3 is “good”’

b) log,(3x+4) =3 — again by definition...

13
Sx+4=4 3x+4>0
3x+4=64 condition: 3x>-4
3x=60

_ ..
x=20 3

Solution satisfies the condition!

c) log+/3x+ :l

2
log,, vV3x+1 :%
1 [
V3x+1=102 condition: 3x+1>0
x+1=A10...../0) 3x+1>0
3x=9 ro_L
x=3

So, 3> —%, solution x =3 is “good”’



2) Solve the equations:
a) log,(x—1)+log,(x+2)=2
b) log(x* +19)—log(x—8) =2

c) log(5—x)+2logv3—x =1

Solution:

We use : log, x+log, y =log, (xy)

log,(x—1)+log,(x+2)=2
log,(x —1)(x+2)=2 — Conditions: x—1>0 and x+2>0
x>1 and x>-2

by definition: log, B=® <> B= A"
(x-1)(x+2)=2°

¥ +2x-x-2=4

xP+x-6=0

—-1+£5
Xip = 5
x, =2
X, =-3

Are the solutions satisfy conditions?: x>1 i x>-2

——— xe(l,0)

T X % =2 _, 'go0d'

- =] 1 @

x, ==3 — ‘not good’

So, the only solution is: x=2



b) log(x*> +19) —log(x —8) =2

log,,(x* +19)—log,,(x —8) =2

We know that:  log, x—log, y=Ilog, X
y

x*+19 : s .

10g10—8:2 with condition: x*+19>01 x—8>0
x>8

2

X +l9:102

x—38

2

x +19:100

x—38

x> +19=100(x —8)
x> +19=100x — 800
x> —100x+819=0

100 £82
X2 =
2
x, =91
x,=9

Both solutions are "good" because they are more than 8.
c) log(5—x)+2logv/3—-x =1

Conditions are:

5-x>0 3—-x>0

-x>-5 and —-x>-3

x<5 x<3
So: x<3

(5-x)3-x)=10'
15-5x-3x+x*—-10=0

x> —8x+5=0
+ + +
= 8_2JH _ 8_22Jﬁ _ 2(4_2Jﬁ) 4l

x, =4++/11~732
x, =4—-11~0,68

x, =4+ V11 does not meet the requirement, and the only solution is x =4 — V11



3) Solve the equations:
a) log” x—3logx+2=0
b) log, x+log, :g
Solution:

a) Replacement: logx =t with condition: x>0

log” x—3logx+2=0

t*=3t+2=0
3+1
2=
t,=2
t, =1
Back in the replacement : log,yx=2 and log;, x =1
x =10 x=10"
S 1
b) log, x+log, = Use: log, b=
2 log, a
log, x+ 0 ! = 2 — Replacement : log, x =¢ with condition: x>0 1 x#1
0g, a

t +l = % — All multiply with 2t
t

2t% +2 =5t
2t° =5t+2=0
t12:5_i‘3
’ 4
t,=2
L)
2
1
Back in the replacement :  log, x=2 or log, x :E
x=2° 1
x=4 x=2?



4) Solve the equations:

a) log, x+log, x+log,, x=7

b) log, x-log, x-log,, x-log,, x = %
Solution:

In both examples we use that: log , x = éloga X

a)

log, x+1log, x+log,,x=7 condition: x>0

log, x +log ., x+log , x=7
10g2x+%10g2x+i10g2x:7 ....... /-4
4log, x +2log, x +1log, x =28
7log, x =28

log, x =4

x=2"=x=16

b)

log, x-log, x-log,, x-logg, x :§
2
log, x-log., x-log; x-log.. x =§

lo x-llo x-llo x-llo x—z
g3 5 g3 3 g3 4 23 3

ilogg‘x:%

logi x=16=log, x =t

' -16=0=(1*)’ -4 = (> -’ +4) =0
(t=2)(t+2)(t*+4)=0

t=2 or t=-2

log, x=2 or log, x=-2
x =3 x=3"
x:9 or



5) Solve the equations:

a) log (4" -6)—log (2" -2)=2
b) log(7—-2")—log(5+4")+1log7=0

Solution:
a)
log s (4" —6)—log 5(2" -2)=2
4% -6
log . —=2
85 o
4 -6 \/—2
=4/5
2° =2

4" —-6=512"-2)
4*-6=5-2"-10
4% -5.2" +4=0= replacement : 2" =t
1> =5t+4=0
543

or

It is best to check solutions in the home equation — x = 2 is the only solution!

b
) log(7—-2")—log(5+4")+1log7=0
log,,(7—2")—log(5+4")+1log,,7=0
log,,(7-2%)-7=log,,(5+4")
(7-2%)-7=5+4"
49-7-2" =544
49-7.2" -5-4"
—4"=7-2"+44=0/(-1)
4 +7-2" =44 =0.ccreerrerren, replacement : 2" =t
t*+7t—44=0
_=T7%15

t1,2 B
=4
,=-11

t
t



Back in replacement:

2% =4 Or 2" =-11 no solution
2x — 22
x=2

Conditions are 7—2">0 and 5+4" >0, solution x =2 obviously satisfy them!

6) Solve the equations:

Solution:

a) x1+logx =3x

b) x1+log4x—2 _ 23(log4x—1)

X = 3 /log,

log, x""°** =log, 3x we know that log, b" =nlog, b
(1+1log, x)log, x =log, 3 +log, x............ = replacement log, x =t
(A+t)-t=1+¢

t+t> =1+t

tP=l-t+t=>tP=1=t=+1

Back in replacement:

b)

log,x=1 or log,x=-1

x=3" or x=3"

x=3 or x:l
3

xltlossr2 = p3loesx D) o9 for basis 4 in both sides
I+log, x—2 3(log, x—1)
log, x """ =log, 27

(log, x—2)log, x =3(log, x—1)log, 2
(log, x—2)log, x =3(log, x—1)log . 2

(log, x—2)log, x =3(log, x—l)%

Replacement: log, x=t¢:



So:

a—m¢=%a—n

26(t—-2)=3(t-1)
21> —4t=3t-3
21> —4t-3t+3=0
2t° -7t+3=0

log,x=3 or 10g4x:%

x=4° or x=

x=64 or



